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The dispersive behavior of small amplitude waves propagating along a non-principal direction in a pre-
stressed, compressible elastic layer is considered. One of the principal axes of stretch is normal to the
elastic layer and the direction of propagation makes an angle h with one of the in-plane principal axes.
The dispersion relations which relate wave speed and wavenumber are obtained for both symmetric
and anti-symmetric motions by formulating the incremental boundary value problem for a general strain
energy function. The behavior of the dispersion curves for symmetric waves is for the most part similar to
that of the anti-symmetric waves at the low and high wavenumber limits. At the low wavenumber limit,
depending on the pre-stress and propagation angle, it may be possible for both the fundamental mode
and the next lowest mode to have ﬁnite phase speeds, while other higher modes have an inﬁnite phase
speed. At the high wavenumber limit, the phase speeds of the fundamental mode and the higher modes
tend to the Rayleigh surface wave speed and the limiting wave speeds of the layer, respectively. Numer-
ical results are presented for a Blatz–Ko material and the effect of the propagation angle is clearly
illustrated.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The problem of time-harmonic wave propagation in an isotro-
pic elastic layer was studied in detail by Mindlin (1960) and the
dispersion relations are commonly referred to as the Rayleigh–
Lamb equations to recognize the efforts of Rayleigh (1888–1889)
and Lamb (1889–1890) who ﬁrst studied this problem more than
hundred years ago. The efforts of Mindlin (1960) are also discussed
in many monographs, see for example Achenbach (1973), Graff
(1975) and Miklowitz (1978).
Small amplitude wave propagation along a principal direction
in a pre-stressed elastic layer has been studied since the 1960s. Biot
(1963, 1965) studied wave propagation in an incompressible pre-
stressed elastic layer with an initial stress along the x1-axis. In a
series of papers, Willson (1973a,b, 1977a,b) investigated the prop-
agation of waves in a pre-stressed layer for compressible as well as
incompressible materials. Later, Ogden and Roxburgh (1993) and
Roxburgh and Ogden (1994) investigated the vibration and stabil-
ity of pre-stressed incompressible and compressible elastic layers,
respectively. They derived the dispersion relations for a general
form of strain-energy function and studied the effects of pre-stress
on the stability of the layer but did not perform a detailedll rights reserved.
: +81 3 5734 3478.
jp (A.C. Wijeyewickrema).asymptotic analysis of the dispersion relations. Rogerson and Fu
(1995) and Rogerson (1997) studied the detailed asymptotic
expansions of the dispersion relations for waves propagating in a
pre-stressed, incompressible elastic layer. In addition, Sandiford
and Rogerson (2000) and Nolde et al. (2004) performed asymptotic
analysis of the dispersion relation for waves propagating in a pre-
stressed nearly incompressible layer and a pre-stressed compressible
elastic layer, respectively. Other related studies of wave propaga-
tion in pre-stressed layers are by Prikazchikova et al. (2006),
Wijeyewickrema et al. (2008), Rogerson and Prikazchikova (2009)
and references therein.
Motivated by the wide usage of layered composites in engineer-
ing practice, wave propagation in pre-stressed layered composites
has also been studied. Rogerson and Sandiford (1996, 1997, 2000a)
considered a pre-stressed, perfectly bonded, incompressible, sym-
metric four-ply laminate to study the propagation of small ampli-
tude waves along a principal direction. Rogerson and Sandiford
(2002) studied wave propagation in a pre-stressed periodically lay-
ered incompressible elastic composite. The dispersive behavior of
waves propagating in a pre-stressed, imperfectly bonded, incom-
pressible, symmetric laminate was studied by Leungvichcharoen
and Wijeyewickrema (2003) and Leungvichcharoen et al. (2004)
for symmetric waves and anti-symmetric waves, respectively.
The dispersive behavior of small amplitude waves propagating
in a pre-stressed, imperfectly bonded, compressible, symmetric
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(2009). Apart from the symmetric laminate, the bi-material lami-
nate has also been studied. The propagation of small amplitude
time-harmonic waves along a principal direction in a pre-stressed
perfectly bonded bi-material laminate was studied by Rogerson
and Sandiford (2000b) for the incompressible case and by Kayestha
et al. (2010) for the compressible case. In the case of the bi-material
laminate, due to lack of symmetry about the mid-plane, the disper-
sion relations cannot be decoupled into symmetric and anti-
symmetric waves, thus increasing the complexity of the problem
compared to the symmetric laminate. All these studies in pre-
stressed layers and laminates are limited to wave propagation
along a principal direction of pre-stress, with one of the principal
axes normal to the surface.
The effects of pre-stress on waves propagating along a non-
principal direction in an elastic solid have also been reported.
Connor and Ogden (1995) dealt with the inﬂuence of homogeneous
simple shear and hydrostatic stress on propagation of surface
waves in an incompressible elastic half-space. In the case of simple
shear the orientation of the principal axes of deformation varies
with the pre-stress and the direction of wave propagation is not
along the principal direction. Connor and Ogden (1996) studied
the effects of simple shear combined with hydrostatic stress in
an incompressible elastic layer. Destrade and Ogden (2005) later
extended the study to analyze the effects of homogeneous simple
shear combined with stretch in an incompressible elastic half-space.
Rogerson and Sandiford (1999) investigated small amplitude waves
propagating along a non-principal direction in an incompressible
elastic layer with one of the principal axes of stretch normal to
the surface of the plate. Pichugin and Rogerson (2001, 2002) also
considered small amplitude waves propagating along a non-principal
direction in an incompressible pre-stressed elastic layer and developed
asymptotically consistent theory to describe three-dimensional
long-wave high-frequency and long-wave low-frequency motions.
Destrade et al. (2005) studied the propagation of surface waves
along a non-principal direction in an incompressible, elastic half-
space using Taziev’s technique.
In the present paper, the propagation of small amplitude inho-
mogeneous plane waves along a non-principal direction in a pre-
stressed compressible elastic layer with traction-free surfaces is
considered. The basic equations of inﬁnitesimal time-harmonic
wave propagation in pre-stressed, compressible, elastic media are
given in Section 2. In Section 3, the bi-cubic characteristic equation
for the attenuation parameter is obtained from the governing
equations. The dispersion relations associated with symmetric
and anti-symmetric waves are obtained in explicit form, where it
can be seen that the dispersion relations differ from each other
only through the hyperbolic terms. The special cases h = 0 and
p/2, i.e. when wave propagation is along one of the principal
directions are also considered. Here, the equations corresponding
to the plane strain case are uncoupled from the equation associ-
ated with horizontally polarized shear waves. In Section 4, the
asymptotic behavior at the low and high wavenumber limits are
discussed. Dispersion curves and frequency spectra are presented
in Section 5 for Blatz–Ko material. The dispersion curves for
propagation angles other than h = 0 and p/2 show that three
ﬁnite limiting squared phase speeds are possible in the low
wavenumber region which is in direct contrast to the two limiting
values obtained for wave propagation along a principal direction
in a layer as shown in the plot for h = 0 and also in Roxburgh
and Ogden (1994) and Wijeyewickrema et al. (2008). The fre-
quency spectra show that the modes which correspond to inﬁnite
phase speeds in the dispersion curves tend to cut-off frequencies
in the low wavenumber region. In the high wavenumber region,
the phase speeds of the fundamental modes tend to the wave
speed of the associated Rayleigh surface wave and the phasespeeds of higher modes tend to the limiting wave speeds of the
layer.
2. Basic equations
The equations for inﬁnitesimal time-harmonic wave propaga-
tion in pre-stressed compressible elastic media are given in this
section (see Roxburgh and Ogden, 1994 and Ogden and Sotiropoulos,
1998). A homogeneous, compressible isotropic elastic body is
considered which when unstressed occupies the conﬁguration
Bu. This body is subjected to pure homogeneous strains to produce
a new pre-stressed equilibrium conﬁguration Be. A Cartesian coor-
dinate system Ox1x2x3 is chosen to coincide with the principal axes
of the right Cauchy–Green deformation tensor. Let u be an inﬁni-
tesimal time-dependent displacement superimposed on Be. The
body thus occupies a new time-dependent deformed conﬁguration
Bt. The incremental equations of motion in the absence of body
forces can be written as
A0jiklul;jk ¼ q€ui; ð1Þ
whereA0ijkl are the components of the fourth-order tensor of ﬁrst-
order instantaneous moduli of compressible isotropic elasticity,
which relates the nominal stress increment tensor and the deforma-
tion gradient tensor, q is the current material density and the
superimposed dot and comma indicate the differentiation with re-
spect to time t and the spatial coordinate xi in Be, respectively.
The incremental equations of motion given in Eq. (1) can be written
as
a11u1;11 þ d12u2;12 þ c21u1;22 þ d13u3;13 þ c31u1;33 ¼ q€u1;
d12u1;12 þ c12u2;11 þ a22u2;22 þ d23u3;32 þ c32u2;33 ¼ q€u2;
d13u1;13 þ d23u2;23 þ c13u3;11 þ c23u3;22 þ a33u3;33 ¼ q€u3; ð2Þ
where
aij ¼A0iijj;cij ¼A0ijij;dij ¼ aijþcjirj ¼ ajiþcijri; ði; j¼ 1;2;3Þ;
ð3Þ
and the properties aij = aji and cij  ri = cji  rj, (i, j = 1,2,3) have
been used in obtaining Eq. (2), where ri are the principal Cauchy
stresses in xi-direction.
The instantaneous elastic moduli aij, cij and principal Cauchy
stresses ri can be expressed in terms of the strain energy function
W per unit reference volume and principal stretches ki as
Jaij ¼ kikjWij; Jcij ¼
kiWikjWj
k2i k2j
k2i ; i–j; ki–kj;
1
2 ðJaii  Jaij þ kiWiÞ; i–j; ki ¼ kj;
8<: ð4Þ
Jri ¼ kiWi; ði; j ¼ 1;2;3Þ;
where Wi = @W/@ki, Wij = @2W/@ki@kj, (i, j = 1,2,3) and J = k1k2k3
(Ogden and Sotiropoulos, 1998). In the case of equi–biaxial defor-
mation in x1 x2-plane when k1 = k2, Eq. (4) for i, j = 1, 2 reduces to
Ja11 ¼ Ja22 ¼ k21W11; Ja12 ¼ k21W12;
Jc12 ¼ Jc21 ¼
1
2
k1ðk1W11  k1W12 þW1Þ;
Jr1 ¼ Jr2 ¼ k1W1
ð5Þ
and a11 = a22 = a12 + 2c21  r2. Similar expressions can be obtained
for equi–biaxial deformations in the x1x3-plane and the x2x3-plane.
In addition, in the reference (unstressed) conﬁguration Bu,
aii = k + 2l, aij = k, cij = l, (i, j = 1,2,3) where k and l are the classical
Lamé moduli of the material. Here, the strong ellipticity conditions
aii > 0; cij > 0; bij=2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aiiajjcijcji
p
> 0; i–j; ði; j ¼ 1;2;3Þ;
ð6Þ
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These conditions while being necessary conditions are not sufﬁcient
conditions, for the three-dimensional case under consideration. Ex-
plicit sufﬁcient conditions for the three-dimensional case have not
been reported in the literature (see also Section 6.2.7, Ogden, 1984).
The relevant components of the nominal stress increment ten-
sor in conﬁguration Be for traction free boundary conditions can
be expressed as
s021ðx1; x2; x3; tÞ ¼ c21u1;2 þ ðc21  r2Þu2;1;
s022ðx1; x2; x3; tÞ ¼ a12u1;1 þ a22u2;2 þ a23u3;3;
s023ðx1; x2; x3; tÞ ¼ ðc32  r3Þu2;3 þ c23u3;2: ð7Þ3. Formulation of the problem
The compressible pre-stressed elastic inﬁnite layer of thickness
2h (see Fig. 1) is assumed to be homogeneous with material
parameters aij, cij (i, j = 1,2,3). The Cartesian coordinate system is
chosen such that x1-,x2- and x3-axes are coincident with the princi-
pal axes of the right Cauchy–Green deformation tensor, x2-direc-
tion is normal to the free surface of the layer, the direction of
time-harmonic wave propagation makes an angle h with the x1-
axis and the origin O lies at the mid-plane of the layer.
The inﬁnitesimal time-dependent displacements superimposed
on the pre-stressed elastic layer may be expressed as
uj ¼ Aje~qkx2eikðx1 cos hþx3 sin hvtÞ; ðj ¼ 1;2;3Þ; ð8Þ
where k is the wavenumber, v is the phase speed, A1, A2, A3 are arbi-
trary constants and the attenuation parameter ~q is to be deter-
mined. Substituting Eq. (8) in Eq. (2) yields a system of three
homogeneous equations with three unknowns,
ð~q2c21  a11 cos2 h c31 sin2 hþ qv2ÞA1
þ i~qd12 cos hA2  d13 sin h cos hA3 ¼ 0; ð9Þ
i~qd12 cos hA1 þ ð~q2a22  c12 cos2 h c32 sin2 hþ qv2ÞA2
þ i~qd23 sin hA3 ¼ 0; ð10Þ
 d13 sin h cos hA1 þ i~qd23 sin hA2
þ ð~q2c23  c13 cos2 h a33 sin2 hþ qv2ÞA3 ¼ 0 ð11Þ
for which a non-trivial solution exists provided that
c21c23a22~q
6 þ ~q4fða22c21 þ a22c23 þ c21c23Þqv2  D1g
þ ~q2fðc21 þ c23 þ a22Þq2v4  D2qv2 þ D3g
þ ðqv2  D4Þðq2v4  D5qv2 þ D6Þ ¼ 0; ð12ÞFig. 1. Pre-stressed compressible elastic layer.where
D1 ¼ c23b12 cos2 hþ c21b23 sin2 hþ a22ðc13c21 cos2 hþ c31c23 sin2 hÞ;
D2 ¼ ðb12 þ g123Þ cos2 hþ ðb23 þ g321Þ sin2 h;
D3 ¼ D4ða11c23 cos2 hþ a33c21 sin2 hÞ þ c13b12 cos4 hþ c31b23 sin4 h
þ ða22b13 þ l123 þ l321 þ c12c31c23 þ c13c21c32Þ sin2 h cos2 h;
D4 ¼ c12 cos2 hþ c32 sin2 h;
D5 ¼ ða11 þ c13Þ cos2 hþ ða33 þ c31Þ sin2 h;
D6 ¼ b13 sin2 h cos2 hþ a11c13 cos4 hþ a33c31 sin4 h ð13Þ
with gijk = cik(cji + ajj) + cjk (cij + aii) and lijk = djk (dijdik  aiidjk),
(i, j,k = 1,2,3) and bij is deﬁned after Eq. (6). The characteristic equa-
tion given by Eq. (12) is a cubic equation of ~q2 with roots
~q2i ði ¼ 1;2;3Þ; and the displacements given by Eq. (8) can be ex-
pressed as
u1ðx1; x2; x3; tÞ ¼
X3
n¼1
Að2n1Þ1 e
~qnkx2 þ Að2nÞ1 e~qnkx2
 
eikðx1 cos hþx3 sin hvtÞ;
ð14aÞ
u2ðx1; x2; x3; tÞ ¼
X3
n¼1
Að2n1Þ2 e
~qnkx2 þ Að2nÞ2 e~qnkx2
 
eikðx1 cos hþx3 sin hvtÞ;
ð14bÞ
u3ðx1; x2; x3; tÞ ¼
X3
n¼1
Að2n1Þ3 e
~qnkx2 þ Að2nÞ3 e~qnkx2
 
eikðx1 cos hþx3 sin hvtÞ:
ð14cÞ
Next, by making use of Eqs. (9)–(11), the displacements can be
given in terms of only the coefﬁcients AðnÞ2 ðn ¼ 1;2; . . . ;6Þ as
u1ðx1; x2; x3; tÞ
¼
X3
n¼1
i~qnfd13d23 sin2 hþ ~gð~qn;qv2Þd12g
~/ð~qn;qv2Þ
 Að2n1Þ2 e~qnkx2  Að2nÞ2 e~qnkx2
 
cos heikðx1 cos hþx3 sin hvtÞ; ð15aÞ
u2ðx1; x2; x3; tÞ ¼
X3
n¼1
Að2n1Þ2 e
~qnkx2 þ Að2nÞ2 e~qnkx2
 
eikðx1 cos hþx3 sin hvtÞ;
ð15bÞ
u3ðx1; x2; x3; tÞ
¼
X3
n¼1
i~qnfd12d13 cos2 hþ ~f ð~qn;qv2Þd23g
~/ð~qn;qv2Þ
 Að2n1Þ2 e~qnkx2  Að2nÞ2 e~qnkx2
 
sin heikðx1 cos hþx3 sin hvtÞ; ð15cÞ
where
~f ð~qn;qv2Þ ¼ ~q2nc21 þ qv2  a11 cos2 h c31 sin2 h; ð16aÞ
~gð~qn;qv2Þ ¼ ~q2nc23 þ qv2  c13 cos2 h a33 sin2 h; ð16bÞ
~/ð~qn;qv2Þ¼d213cos2hsin2h~f ð~qn;qv2Þ~gð~qn;qv2Þ; ðn¼1;2;3Þ: ð16cÞ
Expressions for the relevant stress components are obtained from
Eq. (7) as
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ik
¼
X3
n¼1
~Gð~qn;qv2Þ
~/ð~qn;qv2Þ
ðAð2n1Þ2 e~qnkx2 þ Að2nÞ2 e~qnkx2 Þ
 cos heikðx1 cos hþx3 sin hvtÞ; ð17aÞ
s022ðx1; x2; x3; tÞ
k
¼
X3
n¼1
~qn
eHð~qn;qv2Þ
~/ð~qn;qv2Þ
ðAð2n1Þ2 e~qnkx2  Að2nÞ2 e~qnkx2 Þ
 eikðx1 cos hþx3 sin hvtÞ; ð17bÞ
s023ðx1; x2; x3; tÞ
ik
¼
X3
n¼1
~Fð~qn;qv2Þ
~/ð~qn;qv2Þ
ðAð2n1Þ2 e~qnkx2 þ Að2nÞ2 e~qnkx2 Þ
 sin heikðx1 cos hþx3 sin hvtÞ; ð17cÞ
where
~Gð~qn;qv2Þ ¼ ~q2nc21fd13d23 sin2 hþ d12~gð~qn;qv2Þg þ ðc21
 r2Þ~/ð~qn;qv2Þ; ð18aÞ
eHð~qn;qv2Þ ¼ a22~/ð~qn;qv2Þ  a12 cos2 hfd13d23 sin2 h
þ d12~gð~qn;qv2Þg  a23 sin2 hfd12d13 cos2 h
þ d23~f ð~qn;qv2Þg; ð18bÞ
~Fð~qn;qv2Þ ¼ ~q2nc23fd12d13 cos2 hþ d23~f ð~qn;qv2Þg
þ ðc32  r3Þ~/ð~qn;qv2Þ; ðn ¼ 1;2;3Þ: ð18cÞ
For the problem being considered i.e. wave propagation along a
non-principal direction in a pre-stressed elastic layer, due to
the symmetry of the elastic layer about x2 = 0, the wave motion
can be decoupled into symmetric and anti-symmetric modes
and consequently it is convenient to analyze the symmetric and
anti-symmetric waves separately, and it is sufﬁcient to consider
only the upper half of the layer i.e. 0 6 x2 6 h. Expressions for the
displacements and stresses are given in the Appendix A.
The mid-plane conditions and the incremental traction free
upper surface conditions for both symmetric and anti-symmetric
waves can be written as,
symmetric waves:
u2ðx1;0; x3; tÞ ¼ s021ðx1;0; x3; tÞ ¼ s023ðx1; 0; x3; tÞ ¼ 0; ð19aÞ
s021ðx1;h; x3; tÞ ¼ s022ðx1;h; x3; tÞ ¼ s023ðx1;h; x3; tÞ ¼ 0; ð19bÞ
anti-symmetric waves:
u1ðx1;0; x3; tÞ ¼ u3ðx1;0; x3; tÞ ¼ s022ðx1; 0; x3; tÞ ¼ 0; ð20aÞ
s021ðx1;h; x3; tÞ ¼ s022ðx1;h; x3; tÞ ¼ s023ðx1;h; x3; tÞ ¼ 0: ð20bÞ
For symmetric waves Eqs. (A1)–(A6) satisfy the mid-plane condi-
tions Eq. (19a) identically. Using Eqs. (A1)–(A6) to satisfy Eq.
(19b) results in a system of three homogeneous equations with
three unknowns given by
X3
n¼1
~Gð~qn;qv2Þ
~/ð~qn;qv2Þ
BðnÞ1
eSn ¼ 0; ð21Þ
X3
n¼1
~qn
eHð~qn;qv2Þ
~/ð~qn;qv2Þ
BðnÞ1
eCn ¼ 0; ð22Þ
X3
n¼1
~Fð~qn;qv2Þ
~/ð~qn;qv2Þ
BðnÞ1
eSn ¼ 0; ð23Þ
where eSn ¼ sinhð~qnkhÞ; eCn ¼ coshð~qnkhÞ and BðnÞ1 ; ðn ¼ 1;2;3Þ is de-
ﬁned in Eq. (A7). The set of three homogeneous simultaneous equa-
tions leads to the dispersion relation, which after some algebraic
manipulation can be written as~q1 eHð~q1;qv2ÞeC1eS2eS3 ~q22  ~q23 eJð~q2; ~q3;qv2Þ
 ~q2 eHð~q2;qv2ÞeS1eC2eS3 ~q21  ~q23 eJð~q1; ~q3;qv2Þ þ ~q3 eHð~q3;qv2ÞeS1eS2eC3 ~q21  ~q22 eJð~q1; ~q2;qv2Þ ¼ 0;
ð24Þ
where eHð~qn;qv2Þ is deﬁned in Eq. (18b), Di are deﬁned in Eq. (13)
and
eJð~qm; ~qn;qv2Þ ¼ c21c23~q2m~q2nd1 þ c21c23ð~q2m þ ~q2nÞðd23ðc21  r2Þ
 d12ðc32  r3ÞÞðqv2ðqv2  D5Þ þ D6Þ þ d2;
ðm;n ¼ 1;2;3;m–nÞ;
d1 ¼ c23d12a23 qv2  a11 cos2 h c31 sin2 h
 
 c21d23a12 qv2  c13 cos2 h a33 sin2 h
 
þ d13ðc23d12a12
 cos2 h c21d23a23 sin2 hÞ;
d2¼ qv2ðqv2D5ÞþD6
 
qv2a11 cos2 hc31 sin2 h
 
c23d23ðc21r2Þ
n
ðqv2c13 cos2 ha33 sin2 hÞc21d12ðc32
r3Þþc23d12d13 cos2 hðc21r2Þc21d23d13 sin2 hðc32r3Þ
o
:
ð25Þ
Note that the common factor f~/ð~q1;qv2Þ~/ð~q2;qv2Þ~/ð~q3;qv2Þg has
been removed from the denominator while obtaining the explicit
expression given by Eq. (24), which leads to spurious roots in the
dispersion relation.
Similarly, for anti-symmetric waves Eqs. (A8)–(A13) satisfy the
mid-plane conditions Eq. (20a) identically and using Eqs. (A8)–
(A13) to satisfy Eq. (20b) results in a system of three homogeneous
equations with three unknowns as
X3
n¼1
~Gð~qn;qv2Þ
~/ð~qn;qv2Þ
BðnÞ2
eCn ¼ 0; ð26Þ
X3
n¼1
~qn
eHð~qn;qv2Þ
~/ð~qn;qv2Þ
BðnÞ2
eSn ¼ 0; ð27Þ
X3
n¼1
~Fð~qn;qv2Þ
~/ð~qn;qv2Þ
BðnÞ2
eCn ¼ 0; ð28Þ
where BðnÞ2 ; ðn ¼ 1;2;3Þ is deﬁned in Eq. (A14). From Eqs. (26)–(28)
the dispersion relation is obtained as
~q1 eHð~q1;qv2ÞeS1eC2eC3 ~q22  ~q23 eJð~q2; ~q3;qv2Þ
 ~q2 eHð~q2;qv2ÞeC1eS2eC3 ~q21  ~q23 eJð~q1; ~q3;qv2Þ
þ ~q3 eHð~q3;qv2ÞeC1eC2eS3 ~q21  ~q22 eJð~q1; ~q2;qv2Þ
¼ 0; ð29Þ
where eJð~qm; ~qn;qv2Þ;d1 and d2 are deﬁned in Eq. (25). Here too, the
same common factor f~/ð~q1;qv2Þ~/ð~q2;qv2Þ~/ð~q3;qv2Þg has been re-
moved from the denominator to obtain the explicit dispersion rela-
tion given by Eq. (29), which leads to spurious roots in the
dispersion relation.
3.1. Special cases h = 0 and h = p/2
It is of interest to also consider the special cases of waves prop-
agating along the in-plane principal directions h = 0 and h = p/2. For
waves propagating in the direction of the x1-axis, i.e. when h = 0,
Eqs. (9)–(11) yield
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i~qd12A1 þ ð~q2a22  c12 þ qv2ÞA2 ¼ 0; ð31Þ
ð~q2c23  c13 þ qv2ÞA3 ¼ 0: ð32Þ
Eqs. (30) and (31) are coupled and correspond to the plane strain
case investigated by Roxburgh and Ogden (1994), while the uncou-
pled Eq. (32) corresponds to the anti-plane case. The characteristic
equation given by Eq. (12) for h = 0 reduces to
a22c21~q
4ða011a22þc012c21d212Þ~q2þa011c012
 ð~q2c23c13þqv2Þ¼0;
ð33Þ
where a011 ¼ a11  qv2; c012 ¼ c12  qv2. From Eq. (33), it can be seen
that either
a22c21~q
4  ða011a22 þ c012c21  d212Þ~q2 þ a011c012
  ¼ 0; ð34Þ
or
ð~q2c23  c13 þ qv2Þ ¼ 0: ð35Þ
Eq. (34) whose roots are taken as ~q21 and ~q
2
2 can be shown to be
identical to Eq. (4.13) of Roxburgh and Ogden (1994) and from Eq.
(35) ~q23 ¼ ðc13  qv2Þ=c23: Making use of Eqs. (8) and (7) the expres-
sions for the relevant displacement and stress components in terms
of ~qiði ¼ 1;2;3Þ are
u1ðx1; x2; tÞ ¼
X2
n¼1
DðnÞ2 cosh ~qnkx2 þ DðnÞ1 sinh ~qnkx2
h i
eikðx1vtÞ; ð36Þ
u2ðx1;x2;tÞ¼
X2
n¼1
sð~qnÞ DðnÞ1 cosh~qnkx2þDðnÞ2 sinh~qnkx2
 h i
eikðx1vtÞ;
ð37Þ
u3ðx1; x2; tÞ ¼ Dð3Þ4 cosh ~q3kx2 þ Dð3Þ3 sinh ~q3kx2
 
eikðx1vtÞ; ð38Þ
s021ðx1;x2;tÞ
ik
¼ sð~q1Þpð~q2Þ
~q1d
2
12
Dð1Þ1 cosh~q1kx2þDð1Þ2 sinh~q1kx2
 "
þsð~q2Þpð~q1Þ
~q2d
2
12
Dð2Þ1 cosh~qnkx2þDð2Þ2 sinh~qnkx2
 #
eikðx1vtÞ;
ð39Þ
s022ðx1; x2; tÞ
ik
¼ pð~q1Þ
d12
Dð1Þ2 cosh ~q1kx2 þ Dð1Þ1 sinh ~q1kx2
 	
þ pð~q2Þ
d12
Dð2Þ2 cosh ~q2kx2 þ Dð2Þ1 cosh ~q2kx2
 

eikðx1vtÞ;
ð40Þ
s023ðx1; x2; tÞ
ik
¼ ~q3c23 Dð3Þ3 cosh ~q3kx2 þ Dð3Þ4 sinh ~q3kx2
 
eikðx1vtÞ;
ð41Þ
where DðnÞ1 ¼ Að2n1Þ1  Að2nÞ1 ;DðnÞ2 ¼ Að2n1Þ1 þ Að2nÞ1 ; ðn ¼ 1;2Þ;Dð3Þ3 ¼
Að5Þ3 Að6Þ3 ;Dð3Þ4 ¼ Að5Þ3 þAð6Þ3 ; sð~qnÞ ¼ c21~q2n a11þqv2;pð~qnÞ ¼ a22sð~qnÞþ
d12a12; ðn¼ 1;2Þ:
Similar to the procedure adopted earlier for h– 0, p/2, for the
plane strain case, the expressions for displacements and stresses
can be obtained from Eqs. (36), (37), (39) and (40) for symmetric
waves by taking DðnÞ1 ¼ 0 and for anti-symmetric waves by taking
DðnÞ2 ¼ 0; ðn ¼ 1;2Þ: Next, considering the upper half of the layer
and using the boundary conditions, s021(x1,h, t) = s022(x1,h, t) = 0,
yields the dispersion relations,
~q2sð~q1Þpð~q2Þ2eC2eS1  ~q1sð~q2Þpð~q1Þ2eC1eS2 ¼ 0 ð42Þfor symmetric waves and
~q2sð~q1Þpð~q2Þ2eC1eS2  ~q1sð~q2Þpð~q1Þ2eC2eS1 ¼ 0 ð43Þ
for anti-symmetric waves. Eqs. (42) and (43) after some manipula-
tion can be shown to agree with Eqs. (4.24) and (4.22) of Roxburgh
and Ogden (1994).
For the anti-plane case, the expressions for displacements and
stresses are obtained from Eqs. (38) and (41) for symmetric waves
by taking Dð3Þ3 ¼ 0 and for anti-symmetric waves by taking Dð3Þ4 ¼ 0:
Considering the upper half of the layer and using the boundary
condition, s023(x1,h, t) = 0 yields,
sinh ~q3kh ¼ 0 ð44Þ
for symmetric waves and
cosh ~q3kh ¼ 0 ð45Þ
for anti-symmetric waves. Eqs. (44) and (45) can be written as
i sin ~q3kh ¼ 0 and cos ~q3kh ¼ 0 ð46Þ
respectively, where ~q3 ¼ i~q3. Thus, Eq. (46) results in dispersion
relations associated with symmetric and anti-symmetric waves gi-
ven by
~q3 ¼
np
kh
and ~q3 ¼ nþ
1
2
 
p
kh
; ðn ¼ 0;1;2; . . .Þ ð47Þ
respectively. Substituting these expressions of ~q3 in Eq. (35) yields
qv2 ¼ c13 þ c23
np
kh
 2
and
qv2 ¼ c13 þ c23 nþ
1
2
 2 p
kh
 2
; ðn ¼ 0;1;2; . . .Þ: ð48Þ
Eq. (48) corresponds to horizontally polarized shear waves with dis-
placement in the Ox3-direction. It can be seen that except for the
fundamental mode of symmetric waves (i.e. n = 0), the squared
phase speed of the other modes (i.e.n = 1,2, . . . for symmetric waves
and n = 0,1, . . . for anti-symmetric waves) depends on the wave-
number and are thus dispersive.
Similarly when h = p/2, for the plane strain case, the dispersion
relations analogous to Eqs. (42) and (43) can be obtained as
~q2 s^ð~q1Þp^ð~q2Þ2eC2eS1  ~q1s^ð~q2Þp^ð~q1Þ2eC1eS2 ¼ 0 ð49Þ
for symmetric waves and
~q2 s^ð~q1Þp^ð~q2Þ2eC1eS2  ~q1s^ð~q2Þp^ð~q1Þ2eC2eS1 ¼ 0 ð50Þ
for anti-symmetric waves, where s^ð~qnÞ ¼ c23~q2n  a33 þ qv2 and
p^ð~qnÞ ¼ a22 s^ð~qnÞ þ d23a23: For the anti-plane case, equations for the
phase velocities analogous to Eq. (48) can be obtained as
qv2 ¼ c31 þ c21
np
kh
 2
and
qv2 ¼ c31 þ c21 nþ
1
2
 2 p
kh
 2
ð51Þ
for symmetric and anti-symmetric waves, respectively. Eq. (51) cor-
responds to horizontally polarized shear waves with displacement
in the Ox1-direction.
For the plane strain case, when the pre-stress is removed from
the elastic layer, it can be shown that Eqs. (42) and (49) reduce to
the Rayleigh–Lamb frequency equation for symmetric waves and
can be written as
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 X2=l
q 
tanh kh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 X2=ðkþ 2lÞ
q  ¼ 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 X2=l
 
1 X2=ðkþ 2lÞ
 r
ð2 X2=lÞ2 ;
ð52Þ
where X = qv2, k and l are deﬁned after Eq. (5). Similarly, Eqs. (43)
and (50) reduce to the Rayleigh–Lamb frequency equation for anti-
symmetric waves and can be written as
tanh kh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 X2=l
q 
tanh kh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 X2=ðkþ 2lÞ
q  ¼ ð2 X2=lÞ2
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 X2=lÞð1 X2=ðkþ 2lÞÞ
q :
ð53Þ
The frequency equations given by Eqs. (52) and (53) can be shown
to be identical to Eq. (4.106) of Roxburgh and Ogden (1994).4. Analysis of dispersion relation
Prior to considering the low wavenumber limit kh? 0 and the
high wavenumber limit kh?1, the functions eHð~qn;qv2Þ;
ðn ¼ 1;2;3Þ and eJð~qm; ~qn;qv2Þ; ðm;n ¼ 1;2;3;m–nÞ appearing in
the dispersion relations given by Eqs. (24) and (29) are further
rearranged as quadratic and cubic functions of the non-dimen-
sional squared phase speed n = qv2/c21, as follows
eHð~qn; nÞ ¼ a22n2 þ ðeHð0Þ1 þ eH ð2Þ1 ~q2nÞn
þ ðeHð0Þ0 þ eHð2Þ0 ~q2n þ eHð4Þ0 ~q4nÞ;eJð~qm; ~qn; nÞ ¼ eJ ð0Þ3 n3 þ ðeJ ð~qmþ~qnÞ2 ð~q2m þ ~q2nÞ þeJ ð0Þ2 Þn2
þ ðeJ ð~qm~qnÞ1 ~q2m~q2n þ D5eJ ð~qmþ~qnÞ1 ð~q2m þ ~q2nÞ þ eJ ð0Þ1 Þn
þ ðeJ ð~qm~qnÞ0 ~q2m~q2n þeJ ð~qmþ~qnÞ0 ð~q2m þ ~q2nÞ þ D6eJ ð0Þ0 Þ; ð54Þ
where eHðmÞp denotes the coefﬁcient of np~qmi ; ði ¼ 1;2;3;m ¼
0;2;4;p ¼ 0;1Þ and eJ ð0Þp ;eJ ð~qmþ~qnÞp ;eJ ð~qm~qnÞp denote the coefﬁcients of
np; npð~q2m þ ~q2nÞ; np~q2m~q2n; ðm;n ¼ 1;2;3;m–n; p ¼ 0;1;2;3Þ and are
given as
eHð0Þ0 ¼ cos2 hðc13 cos2 hþ a33 sin2 hÞd12a21 þ sin2 hðc31 sin2 h
þ a11 cos2 hÞa23d23  sin2 h cos2 hða23d12 þ a21d23Þ  D6a22;eHð2Þ0 ¼ a22ðcos2 hðc13 þ a11c23Þ þ sin2 hða33 þ c23c31ÞÞ
 a21c23d12 cos2 h a23d23 sin2 h;eHð4Þ0 ¼ a22c23;eHð0Þ1 ¼ a22D5  a21d12 cos2 h a23d23 sin2 h;eHð2Þ1 ¼ a22ð1þ c23Þ;eJ ð0Þ0 ¼ U cos2 hþW sin2 h;eJ ð~qm~qnÞ0 ¼ c23ðcos2 hða12ðc23d12d13 þ c13d23Þ  a11a23c23d12Þ
þ sin2 hða12a33d23  a23ðc23c31d12 þ d13d23ÞÞÞ;eJ ð~qmþ~qnÞ0 ¼ c23D6ðd12ðc32  r3Þ  d23ð1 r2ÞÞ;eJ ð0Þ1 ¼ D6ðd12ðc32  r3Þ  c23d23ð1 r2ÞÞ  D5ðU cos2 hþW sin2 hÞ;eJ ð~qm~qnÞ1 ¼ c23ða23c23d12  a12d23Þ;eJ ð~qmþ~qnÞ1 ¼ c23ðd12ðc32  r3Þ  d23ð1 r2ÞÞ;eJ ð0Þ2 ¼ D5ðc23d23ð1 r2Þ  d12ðc32  r3ÞÞ þ U cos2 hþW sin2 h;eJ ð~qmþ~qnÞ2 ¼ eJ ð~qmþ~qnÞ1 ;eJ ð0Þ3 ¼ c23d23ð1 r2Þ  d12ðc32  r3Þ; ð55Þin which
U ¼ c13d12ðc32  r3Þ þ c23ðd12d13  a11d23Þð1 r2Þ;
W ¼ ða33d12  d23d13Þðc32  r3Þ  d23c23c31ð1 r2Þ
ð56Þ
and
aij ¼ aij=c21; cij ¼ cij=c21; dij ¼ dij=c21;
ri ¼ ri=c21; ði; j ¼ 1;2;3Þ; ð57Þ
D1 ¼ D1=c321; D2 ¼ D2=c221; D3 ¼ D3=c321;
D4 ¼ D4=c21; D5 ¼ D5=c21; D6 ¼ D6=c221: ð58Þ4.1. Low wavenumber limit kh? 0
When kh? 0, the thickness of the layer is very small compared
to the wavelength. Thus by considering small argument expan-
sions of the hyperbolic functions in Eq. (24) and using Eq. (54)
yields after some algebraic manipulation for symmetric waves,
pðnÞ eJ ð~qmþ~qnÞ1 H1 þ eHð4Þ0 J0  J1H0 ¼ 0; ð59Þ
where
pðnÞ ¼ n2 nD5þD6; H0 ¼ n2a22 neHð0Þ1  eHð0Þ0 ; H1 ¼ neHð2Þ1 þ eHð2Þ0 ;
J0 ¼ neJ ð0Þ3 þeJ ð0Þ0 ; J1 ¼ neJ ð~qm~qnÞ1 þeJ ð~qm~qnÞ0 :
ð60Þ
Since Eq. (59) yields a cubic equation in n, it is possible to have three
ﬁnite limiting squared phase speeds when kh? 0. Numerical inves-
tigation of Eq. (59) shows that two of the roots correspond to the
two ﬁnite limiting squared phase speeds nðSÞ01 and n
ðSÞ
02 ;while the third
root corresponds to the non-dispersive spurious root arising from
f~/ð~q1;qv2Þ~/ð~q2;qv2Þ~/ð~q3;qv2Þg ¼ 0; the common factor removed
from the denominator. Similarly, for anti-symmetric waves consid-
ering the small argument expansions of the hyperbolic functions of
Eq. (29) and using Eq. (54) yields
pðnÞ J1 n D
 þ 1þ c23ð Þn2 þ eH ð0Þ1  D2 nþ eHð0Þ0 þ D3 eJ ð~qmþ~qnÞ1
þJ0 c23nþ eHð2Þ0  D1  ¼ 0: ð61Þ
Here the factor p(n) corresponds to two non-dispersive spurious
roots and the second factor yields a quadratic equation in n with
two possible limiting squared phase speeds when kh? 0. Numeri-
cal investigation of the second factor of Eq. (61) shows that one of
the roots corresponds to the ﬁnite limiting squared phase speed
nðAÞ01 ; while the second root corresponds to the non-dispersive spuri-
ous root arising from f~/ð~q1;qv2Þ~/ð~q2;qv2Þ~/ð~q3;qv2Þg ¼ 0; the com-
mon factor removed from the denominator.
For h = 0, the limiting squared phase speeds for plane strain case
as kh? 0 are obtained from Eqs. (42) and (43) as
n0ðSÞ0 ¼ a11  a212=a22; ð62Þ
for symmetric waves and
n0ðAÞ0 ¼ c12  ð1 r2Þ2; ð63Þ
for anti-symmetric waves, respectively. Eqs. (62) and (63) agree
with (26b) and (27b) of Wijeyewickrema et al. (2008).
For the anti-plane case when kh? 0, anti-symmetric waves
have no limiting squared phase speed while the limiting squared
phase speed for symmetric waves can be written from Eq. (48a) as
n0ðSHÞ0 ¼ c13: ð64Þ
Similarly, for h = p/2, the limiting squared phase speeds for plane
strain case as kh? 0 are obtained from Eqs. (49) and (50) as
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for symmetric waves and
np=2ðAÞ0 ¼ c32  ð1 r2Þ2; ð66Þ
for anti-symmetric waves, respectively.
For the anti-plane case when kh? 0, anti-symmetric waves
have no limiting squared phase speed while the limiting squared
phase speed for symmetric waves from Eq. (51a) is,
np=2ðSHÞ0 ¼ c31: ð67Þ
When there is no pre-stress, for symmetric waves Eqs. (62) and (65)
yield n0ðSÞ0 ¼ np=2ðSÞ0 ¼ 4ðkþlÞðkþ2lÞ ; which agrees with Eq. (15) of Lamb
(1917), while for anti-symmetric waves Eqs. (63) and (66) yield
n0ðAÞ0 ¼ np=2ðAÞ0 ¼ 0; which agrees with Eq. (50) of Lamb (1917).
4.2. High wavenumber limit kh?1
When kh?1, the thickness of the layer is very large compared
to the wavelength and the propagation behavior is similar to waves
in a semi-inﬁnite medium. Hence, for both symmetric and anti-
symmetric waves the same high wavenumber limit is expected.
The behavior of the dispersion relations associated with symmetric
and anti-symmetric waves in this region depends on the roots
~q1; ~q2 and ~q3 which may either be real, pure imaginary or complex
conjugates which in turn depends on the squared phase speed n
and the parameters aij; cij; dij; ði; j ¼ 1;2;3Þ.
4.2.1. Roots ~q1; ~q2 and ~q3 are real or complex conjugates with non-
zero real part
When kh?1, the hyperbolic functions in the dispersion rela-
tion eCm; eSm !1; ðm ¼ 1;2;3Þ. Dividing the dispersion relations
associated with symmetric waves (Eq. (24)) and the anti-symmet-
ric waves (Eq. (29)) by eC1eC2eC3 and taking the limit kh?1 yields,
ð~q1~q2 þ ~q2~q3 þ ~q1~q3ÞðJ1 eHð4Þ0 ~q21~q22~q23 þ beHð2Þ1 þ aeHð2Þ0 þ AÞ
 ~q21~q22~q23ðeeHð2Þ1 þ J1 eHð2Þ0 Þ þ ~q1~q2~q3ð~q1 þ ~q2 þ ~q3ÞðeeHð0Þ1
þ J1 eHð0Þ0  f þ 2aeHð4Þ0  BÞ  ð~q21~q22 þ ~q22~q23 þ ~q21~q23ÞðB
 aeHð4Þ0 Þ þ deHð4Þ0 ð~q31~q32 þ ~q32~q33 þ ~q31~q33 þ ~q1~q2~q3ð~q1~q2~q3
þ ~q21ð~q2 þ ~q3Þ þ ~q22ð~q1 þ ~q3Þ þ ~q23ð~q1 þ ~q2ÞÞÞ þ aeHð4Þ0 ð~q31ð~q2
þ ~q3Þ þ ~q32ð~q1 þ ~q3Þ þ ~q33ð~q1 þ ~q2ÞÞ þ ðð~q21 þ ~q22 þ ~q23ÞA
 beHð0Þ1  aeHð0Þ0 þ cÞ
¼ 0; ð68Þ
where
A ¼ dH0; B ¼ dH1; a ¼ J0pðnÞ; b ¼ an; c ¼ an2a22;
d ¼ eJ ð~qmþ~qnÞ1 pðnÞ; e ¼ J1n; f ¼ J1n2a22: ð69Þ
The solution of Eq. (68) results in the wave speed nR which corre-
sponds to the Rayleigh surface wave speed. This agrees with previ-
ous studies where the dispersion relation yields the surface wave
speed at the high wavenumber limit (see Roxburgh and Ogden,
1994).
For h = 0, dividing the dispersion relations corresponding to
plane strain case given in Eqs. (42) and (43) by eC1eC2 and taking
the limit kh?1 yields the secular equation for the squared phase
speed of Rayleigh surface wave given by
R0ðnÞ ¼ a011½c012  ð1 r2Þ2 þ ða22a011  a212Þg0; ð70Þ
where a011 ¼ ða11  nÞ; c012 ¼ ðc12  nÞ;g0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a011c
0
12
a22
q
. Eq. (70) agrees
with Eq. (5.11) of Dowaikh and Ogden (1991) and Eq. (42) ofWijeyewickrema and Leungvichcharoen (2009). The root of Eq.
(70) is denoted by n0R.
For the anti-plane case, when kh?1 from Eq. (48) the high
wavenumber limit for both symmetric and anti-symmetric waves
tend to same value and is given by
n0ðSHÞL ¼ c13: ð71Þ
Similarly, for h = p/2, Eqs. (49) and (50) yields the secular equation
for the squared phase speed of Rayleigh surface wave given by
Rp=2ðnÞ ¼ a033 c032  ð1 r2Þ2
h i
þ ða22a033  a223Þgp=2; ð72Þ
where a033 ¼ ða33  nÞ; c032 ¼ ðc32  nÞ;gp=2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a033c032
a22
q
. The root of Eq.
(72) is denoted by np=2R .
For the anti-plane case, when kh?1 from Eq. (51) the high
wavenumber limit for both symmetric and anti-symmetric waves
tend to same value and is given by
np=2ðSHÞL ¼ c31: ð73Þ4.2.2. At least one of the roots ~q1; ~q2 and ~q3 is pure imaginary
At the high wavenumber limit, in general when one of the roots
of Eq. (12) is imaginary, the limiting squared phase speed nL1 of the
compressible layer is given by
nL1 ¼ min½nB1; nB2; ð74Þ
where nB1 and nB2 are the limiting squared body wave speeds ob-
tained from Eq. (12) when ~q ! 0 and are given by
nB1 ¼
1
2
D5 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D25  4D6
q 
; nB2 ¼ D4: ð75Þ
For some propagation angles depending on the choice of material
parameters and pre-stress, the numerical calculations for higher
modes show that within a narrow region of squared phase speed,
two of the roots ~q2 and ~q3 of Eq. (12) are imaginary and j~q2j ! j~q3j
when kh?1. Thus, another possible limiting squared phase speed
nL2 for such a scenario can be written as
nL2 ¼ nq; ð76Þ
where nq is the limiting squared phase speed obtained from ~q2 ¼ ~q3:
Hence, the limiting squared phase speed nL of the compressible
elastic layer is
nL ¼min½nL1; nL2: ð77Þ
For h = 0, the limiting squared phase speed n0L1 of the layer when
kh?1 can be written as
n0L1 ¼ min½n0B1; n0B2; ð78Þ
where n0B1 and n
0
B2 are the limiting squared body wave speeds ob-
tained from Eq. (34) when ~q ! 0 and are given by
n0B1 ¼ a11; n0B2 ¼ c12: ð79Þ
In this case too, depending on the choice of material parameters and
pre-stress, numerical calculations for higher modes show that for a
certain range of squared phase speed both the roots ~q1 and ~q2 of Eq.
(34) are imaginary and j~q1j ! j~q2j when kh?1, so another possi-
ble limiting squared phase speed n0L2 can be written as
n0L2 ¼ n0q ; ð80Þ
where n0q is the limiting squared phase speed obtained from ~q1 ¼ ~q2:
Thus, the limiting squared phase speed n0L of the compressible layer
for h = 0 is
n0L ¼min n0L1; n0L2
 
: ð81Þ
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layer when kh?1 can be written as
np=2L1 ¼min np=2B1 ; np=2B2
h i
; ð82Þ
where np=2B1 and n
p=2
B2 are the limiting squared body wave speeds ob-
tained from equation analogous to Eq. (34) for h = p/2 when ~q ! 0
and are given by
np=2B1 ¼ a33; np=2B2 ¼ c32: ð83Þ
Here too, depending on the choice of material parameters and pre-
stress, numerical calculations for higher modes show that for a cer-
tain range of squared phase speed both the roots ~q1 and ~q2 are
imaginary and j~q1j ! j~q2j when kh?1, so another possible limit-
ing squared phase speed np=2L2 can be written as
np=2L2 ¼ np=2q ; ð84Þ
where np=2q is the limiting squared phase speed obtained from
~q1 ¼ ~q2. Thus, the limiting squared phase speed np=2L of the com-
pressible layer for h = p/2 is
np=2L ¼min np=2L1 ; np=2L2
h i
: ð85Þ
The squared phase speeds of the fundamental mode and the next
higher modes are denoted as nð1ÞS and n
ðnÞ
S ðn ¼ 2;3; . . .Þ for symmetric
waves and nð1ÞA and n
ðnÞ
A ðn ¼ 2;3; . . .Þ for anti-symmetric waves.
Hence, when h– 0,p/2, the limiting squared phase speeds when
kh?1 will be given by
nð1ÞA ; n
ð1Þ
S ! nR;
nðnÞA ; n
ðnÞ
S ! nL; ðn ¼ 2;3; . . .Þ:
ð86Þ
The limiting squared phase speeds for h = 0 when kh?1 are given
as
nð1ÞA ; n
ð1Þ
S ! n0R;
nðnÞA ; n
ðnÞ
S ! n0L ; ðn ¼ 2;3; . . .Þ:
ð87Þ
Similarly, the limiting squared phase speeds for h = p/2 when
kh?1 are given as
nð1ÞA ; n
ð1Þ
S ! np=2R ;
nðnÞA ; n
ðnÞ
S ! np=2L ; ðn ¼ 2;3; . . .Þ:
ð88ÞTable 2
Limits of non-dimensional squared phase speed n for Example 1.
h kh? 0 kh?1
nðSÞ01 n
ðSÞ
02 n
ðAÞ
01
nR
10 1.062 8.819 3.916 1.513
15 0.848 9.560 3.652 1.313
45 0.232 16.380 0.554 0.444
75 0.854 21.962 2.544 0.887
Table 1
Parameters for Example 1.
Primary deformations Elastic moduli
k1 = 2.0, r1 = 0.802l, a11 ¼ 3:0; a12 ¼ 5:04; c12 ¼ 4:938; c32 ¼ 4:938
k¼2 0:9;r2 ¼ 0:020l, a13 ¼ 5:04; a23 ¼ 5:04; c13 ¼ 8:163; c23 ¼ 8:163;
k¼3 0:7;r3 ¼ 0:620l a22 ¼ 14:815; a33 ¼ 24:49;
c31 ¼ 1:0; c21 ¼ 0:198l;l ¼ 1:05. Numerical results
For the numerical examples a Blatz–Ko material which belongs
to a class of materials known as restricted Hadamard material is
used (Willson, 1973b). The strain energy function of a Blatz–Ko
material W ðBKÞC is expressed as (see Eq. (4.91) of Roxburgh and
Ogden, 1994),
W ðBKÞC ¼
l
2
ðk21 þ k22 þ k23 þ 2k1k2k3  5Þ; ð89Þ
where l is the classical Lamé modulus. Using Eqs. (4), (57) and (89),
the non-dimensional elastic moduli aij; cij; ði; j ¼ 1;2;3Þ; and the
non-dimensional principal Cauchy stress r2 are expressed as
a11 ¼3; a12 ¼ a13 ¼ a23 ¼ Jk21; a22 ¼
3k21
k22
; a33 ¼ 3k
2
1
k23
;
c12 ¼ k
2
1
k22
; c13 ¼ k
2
1
k23
; c31 ¼ 1; c23 ¼ k
2
1
k23
; c32 ¼ k
2
1
k22
; r2 ¼ k
2
1
k22
ðJk211Þ;
ð90Þ
where c21 ¼ l=ðJk21Þ.
Two examples have been considered in which Example 1 corre-
sponds to a volume increase while Example 2 corresponds to a vol-
ume decrease. The squared phase speed for the ﬁrst 24 modes (i.e.
fundamental mode n(1) and harmonics n(n), n = 2,3, . . . ,24) are
shown in log–log plots to clearly show the behavior of the disper-
sion curves and the low and the high wavenumber limits.
5.1. Example 1
The primary deformations and elastic moduli that are pre-
scribed (k1,k2,k3,l) and computed ðri; aij; cij; i; j 2 1;2;3Þ are shown
in Table 1 and shows a volume increase of 26%. Dispersion curves
are presented for the wave propagation directions h = 10, 15, 45,
75 and for in-plane wave propagation h = 0. The limiting squared
phase speeds are listed in Table 2. A typical frequency spectrum is
also plotted for h = 15.
It was noted by Nolde et al. (2004) for small amplitude wave
propagation in a pre-stressed compressible elastic layer that wave
fronts can be formed in different ways. In particular, wave fronts
that arise from the short wave limit (kh?1) of all harmonics
are referred to as type 1, while wave fronts that form through
the combination of harmonics in a narrow wave speed region are
referred to as type 2. Such wave front formation can be seen in
the numerical results that follow.
In Figs. 2 and 3 dispersion curves are presented for symmetric
and anti-symmetric waves for h = 10 and h = 15, respectively. It
can be seen that when kh? 0 the squared phase speeds of the fun-
damental mode and the next lowest mode of symmetric waves
have distinct ﬁnite limits i.e., nð1ÞS ! nðSÞ01 ; nð2ÞS ! nðSÞ02 , while in the
case of anti-symmetric waves, the squared phase speed of only
the fundamental mode has a distinct ﬁnite limit i.e. nð1ÞA ! nðAÞ01
(see Table 2), and the higher modes have inﬁnite squared phase
speeds i.e. nðnÞS !1; ðn ¼ 3;4; . . .Þ and nðnÞA !1; ðn ¼ 2;3; . . .Þ:
When kh?1, it is noted that the squared phase speeds of the
fundamental mode of both symmetric and anti-symmetric wavesnB1 nB2 nL1 nL2 nL
2.538 4.938 2.538 1.740 1.740
2.130 4.938 2.130 1.637 1.637
0.660 4.938 0.660 – 0.660
0.901 4.938 0.901 – 0.901
a b
Fig. 3. Dispersion curves when h = 15 for Example 1. (a) Symmetric waves, (b) anti-symmetric waves.
a b
Fig. 2. Dispersion curves when h = 10 for Example 1. (a) Symmetric waves, (b) anti-symmetric waves.
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phase speed of the Rayleigh surface wave. All the higher modes
of both the symmetric and anti-symmetric waves (nP 2) show
oscillatory behavior in the wave speed region nL < n < nL1 (i.e. type
2 behavior). For the given pre-stress (see Table 1), this oscillatory
region is bounded by 1.740 < n < 2.538 in Fig. 2 and by
1.637 < n < 2.130 in Fig. 3. It has been observed that within this re-
gion the roots ~q2 and ~q3 are imaginary and j~q2j ! j~q3j as kh?1.a b
Fig. 4. Dispersion curves when h = 45 for Example 1.Thus the limiting squared phase speed for the lower bound of this
region can be obtained from Eq. (76). This type of oscillatory
behavior in the short wave region has been previously observed
for both incompressible and compressible pre-stressed elastic layers
for wave propagation along principal directions (Rogerson, 1997;
Kaplunov et al., 2002 and Nolde et al., 2004).
Figs. 4 and 5 show the dispersion curves for h = 45 and h = 75,
respectively. In the long wave region (i.e. when kh? 0), similar to(a) Symmetric waves, (b) anti-symmetric waves.
a b
Fig. 6. Dispersion curves when h = 0 for Example 1. (a) Symmetric waves, (b) anti-symmetric waves.
a b
Fig. 5. Dispersion curves when h = 75 for Example 1. (a) Symmetric waves, (b) anti-symmetric waves.
a b
Fig. 7. Frequency spectra when h = 15 for Example 1. (a) Symmetric waves, (b) anti-symmetric waves.
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and the next lowest mode of symmetric waves have distinct ﬁnite
limits. In the case of anti-symmetric waves, the squared phase
speed of the fundamental mode for h = 45 has a distinct ﬁnite lim-
it, however for h = 75, the squared phase speed of the fundamental
mode nð1ÞA corresponds to a negative limiting squared phase speed
nðAÞ01 ¼ 2:544: When the squared phase speed is negative the elas-tic layer is unstable as the waves no longer propagate but are
standing waves with amplitudes that increase exponentially with
time. The other higher modes have inﬁnite squared phase speeds
i.e. nðnÞS !1; ðn ¼ 3;4; . . .Þ and nðnÞA !1; ðn ¼ 2;3; . . .Þ: In the short
wave region (i.e. when kh?1), for both symmetric and anti-sym-
metric waves the squared phase speed of the fundamental modes
correspond to the squared phase speed of Rayleigh surface wave
P. Kayestha et al. / International Journal of Solids and Structures 48 (2011) 2141–2153 2151nR and the squared phase speed of the higher modes correspond to
the limiting squared phase speed nL (type 1 behavior).
The three ﬁnite squared phase speeds in the high wave region
observed for h = 10, 15 and 45 is a unique feature for wave prop-
agation along a non-principal direction and this feature has also
been observed for a pre-stressed incompressible layer (Rogerson
and Sandiford, 1999).
Fig. 6 shows the dispersion curves for h = 0, obtained from Eqs.
(42), (43) and (48) when wave propagation is along x1-axis. The
limiting squared phase speeds are listed in Table 3. When
kh? 0, for the plane strain case, the squared phase speeds of the
fundamental mode for both symmetric and anti-symmetric wavesa b
Fig. 9. Dispersion curves when h = 45 for Example 2.
a b
Fig. 8. Dispersion curves when h = 15 for Example 2.
Table 4
Parameters for Example 2.
Primary deformations Elastic moduli
k¼1 0:826;r1 ¼ 0:5l, a11 ¼ 3:0; a12 ¼ 0:667; c12 ¼ 1:0; c32 ¼ 1:0,
k¼2 0:826;r2 ¼ 0:5l, a13 ¼ 0:667; a23 ¼ 0:667; c13 ¼ 0:333; c23 ¼ 0:333,
k¼3 1:431;r3 ¼ 0:5l a22 ¼ 3:0; a33 ¼ 1:0; c31 ¼ 1:0; c21 ¼ 1:5l;l ¼ 1:0
Table 3
Limits of non-dimensional squared phase speed n for propagation angle h = 0.
kh? 0 kh?1
n0ðSÞ0 n
0ðAÞ
0 n
0ðSHÞ
0 n
0
R n
0
B1 n
0
B2 n
0
L1 n
0
L2 n
0
L n
0ðSHÞ
L
1.285 3.978 8.163 1.689 3.0 4.938 3.0 1.824 1.824 8.163have distinct ﬁnite limits i.e. nð1ÞS ! n0ðSÞ0 ; nð1ÞA ! n0ðAÞ0 (see Table 3),
and the higher modes have inﬁnite squared phase speeds. How-
ever, for anti-plane case, the squared phase speed of the funda-
mental mode of only symmetric waves has a distinct ﬁnite limit
i.e. nð1ÞS ! n0ðSHÞ0 : As noted for h = 10 and 15 in Figs. 2 and 3, in this
case too the higher modes of both symmetric and anti-symmetric
waves show oscillatory behavior when kh?1 in a narrow wave
speed region (type 2 behavior). This wave speed region is bounded
by 1.824 < n < 3.0 and within this region the roots ~q1 and ~q2 are
imaginary with j~q1j ! j~q2j as kh?1 . For the solution arising from
the horizontally polarized shear wave, the limiting squared phase
speed in short wave region (kh?1) corresponds to the squared
phase speed n0ðSHÞL of shear wave.
In Fig. 7, frequency spectra for symmetric and anti-symmetric
waves for h = 15 are presented. It can be seen clearly from
Fig. 7(a) that in the long wave region when kh? 0, frequencies
of the fundamental mode and the next lowest mode tend to zero
i.e., Xð1ÞS ! 0;Xð2ÞS ! 0; corresponding to the ﬁnite limiting squared
phase speeds nðSÞ01 ¼ 0:848 and nðSÞ02 ¼ 9:560; respectively. However,
in Fig. 7(b) frequency of only the fundamental mode tends to zero
i.e., Xð1ÞA ! 0; corresponding to the ﬁnite limiting squared phase
speed nðAÞ01 ¼ 3:652: The frequencies of the other higher modes tend
to cut-off frequencies.
5.2. Example 2
The primary deformations and elastic moduli that are pre-
scribed (ri,l) and computed ðk1; k2; k3; aij; cij; i; j 2 1;2;3Þ are
shown in Table 4. In this example, the pre-stressed layer is(a) Symmetric waves, (b) anti-symmetric waves.
(a) Symmetric waves, (b) anti-symmetric waves.
a b
Fig. 10. Dispersion curves when h = 75 for Example 2. (a) Symmetric waves, (b) anti-symmetric waves.
Table 5
Limits of non-dimensional squared phase speed n for Example 2.
h kh? 0 kh?1
nðSÞ01 n
ðSÞ
02 n
ðAÞ
01
nR nB1 nB2 nL1 nL2 nL
15 0.331 2.764 0.748 0.3337 0.3341 1.0 0.3341 – 0.3341
45 0.367 2.151 0.556 0.379 0.391 1.0 0.391 – 0.391
75 0.637 1.304 0.363 0.544 0.6996 1.0 0.6996 0.622 0.622
2152 P. Kayestha et al. / International Journal of Solids and Structures 48 (2011) 2141–2153equi–biaxially deformed in (x1x2)-plane and the layer undergoes a
volume decrease of 2.33%.
Figs. 8–10 show the dispersion curves for propagation angles
h = 15, 45 and 75, respectively. Similar to Example 1, for sym-
metric waves, it can be seen that when kh? 0 the squared phase
speeds of the fundamental mode and the next lowest mode have
distinct ﬁnite limits i.e., nð1ÞS ! nðSÞ01 ; nð2ÞS ! nðSÞ02 : However, for anti-
symmetric waves when kh? 0, the squared phase speed of the
fundamental mode nð1ÞA tends to the negative limiting squared
phase speed (see Table 5) making the elastic layer unstable as
the amplitude increases exponentially with time. The other higher
modes have inﬁnite squared phase speeds i.e. nðnÞS !1;
ðn ¼ 3;4; . . .Þ and nðnÞA !1; ðn ¼ 2;3; . . .Þ:.
When kh?1, the squared phase speeds of the fundamental
mode of both symmetric and anti-symmetric waves approach the
same limit nR, which corresponds to the squared phase speed of
the Rayleigh surface wave. For h = 15 and 45 the squared phase
speed of the higher modes correspond to the limiting squared
phase speed nL (type 1 behavior). However, for h = 75, all the high-
er modes of both the symmetric and anti-symmetric waves (nP 2)
show oscillatory behavior in the wave speed region nL < n < nL1 (i.e.
type 2 behavior). For the given pre-stress, this oscillatory region is
bounded by 0.622 < n < 0.6996 in Fig. 10. It has been observed that
within this region the roots ~q2 and ~q3 are imaginary and j~q2j ! j~q3j
as kh?1. Thus the limiting squared phase speed for the lower
bound of this region can be obtained from Eq. (76).6. Summary and conclusions
The dispersive behavior of small amplitude waves propagating
along a non-principal direction in a pre-stressed, compressible
elastic layer with traction free surfaces is studied. The dispersion
relations associated with symmetric and anti-symmetric waves
are given in explicit form and differ from each other only through
the hyperbolic terms. The limiting squared phase speeds at thelow and high wavenumber limits are discussed in detail. In the
low wavenumber region, depending on the pre-stress and propa-
gation angle two ﬁnite limiting squared phase speeds may exist
for symmetric waves, while only one ﬁnite limiting squared phase
speed may exist for anti-symmetric waves. It is found that the
behavior of the dispersion curves for symmetric and anti-sym-
metric waves are similar in the high wavenumber region, where
both the symmetric and anti-symmetric waves tend to same lim-
iting squared phase speeds, viz. the phase speeds of the funda-
mental mode and the higher modes tend to the phase speeds of
Rayleigh surface wave and the limiting phase speeds of the layer,
respectively. The special cases h = 0 and p/2, i.e. when wave prop-
agation is along one of the principal directions are also consid-
ered, where the equations corresponding to the plane strain
case are uncoupled from the equation associated with horizon-
tally polarized shear waves.
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Expressions for the displacements and stresses for the symmet-
ric and anti-symmetric waves can be obtained from Eqs. 15(a–c)
and 17(a–c).
Symmetric deformations:
u1ðx1;x2;x3;tÞ¼ m
3
n¼1
i~qnfd13d23 sin2 hþ ~gð~qn;qv2Þd12g
~/ð~qn;qv2Þ
Bn1 cosh~qnkx2
" #
cosheikðx1 coshþx3 sinhvtÞ; ðA1Þ
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X3
n¼1
Bn1 sinh ~qnkx2
 
eikðx1 cos hþx3 sin hvtÞ; ðA2Þ
u3ðx1;x2;x3;tÞ¼
X3
n¼1
i~qnfd12d13 cos2 hþ~f ð~qn;qv2Þd23g
~/ð~qn;qv2Þ
Bn1 cosh~qnkx2
" #
sinheikðx1 coshþx3 sinhvtÞ; ðA3Þ
s021ðx1;x2;x3;tÞ
ik
¼
X3
n¼1
~Gð~qn;qv2Þ
~/ð~qn;qv2Þ
Bn1 sinh~qnkx2
" #
cosheikðx1 coshþx3 sinhvtÞ;
ðA4Þ
s022ðx1;x2;x3;tÞ
ik
¼
X3
n¼1
~qn
eHð~qn;qv2Þ
~/ð~qn;qv2Þ
Bn1 cosh~qnkx2
" #
eikðx1 coshþx3 sinhvtÞ;
ðA5Þ
s023ðx1;x2;x3;tÞ
ik
¼
X3
n¼1
~Fð~qn;qv2Þ
~/ð~qn;qv2Þ
Bn1 sinh~qnkx2
" #
sinheikðx1 coshþx3 sinhvtÞ;
ðA6Þ
where Bn1 ¼ Að2n1Þ2  Að2nÞ2 ; ðn ¼ 1;2;3Þ: ðA7Þ
Anti-symmetric deformations:
u1ðx1;x2;x3;tÞ¼
X3
n¼1
i~qnfd13d23 sin2 hþ ~gð~qn;qv2Þd12g
~/ð~qn;qv2Þ
Bn2 sinh~qnkx2
" #
cosheikðx1 coshþx3 sinhvtÞ; ðA8Þ
u2ðx1; x2; x3; tÞ ¼
X3
n¼1
Bn2 cosh ~qnkx2
 
eikðx1 cos hþx3 sin hvtÞ; ðA9Þ
u3ðx1;x2;x3;tÞ¼
X3
n¼1
i~qnfd12d13 cos2 hþ~f ð~qn;qv2Þd23g
~/ð~qn;qv2Þ
Bn2 sinh~qnkx2
" #
sinheikðx1 coshþx3 sinhvtÞ; ðA10Þ
s021ðx1;x2;x3;tÞ
ik
¼
X3
n¼1
~Gð~qn;qv2Þ
~/ð~qn;qv2Þ
Bn2 cosh~qnkx2
" #
cosheikðx1 coshþx3 sinhvtÞ;
ðA11Þ
s022ðx1;x2;x3;tÞ
ik
¼
X3
n¼1
~qn
eHð~qn;qv2Þ
~/ð~qn;qv2Þ
Bn2 sinh~qnkx2
" #
eikðx1 coshþx3 sinhvtÞ;
ðA12Þ
s023ðx1;x2;x3;tÞ
ik
¼
X3
n¼1
~Fð~qn;qv2Þ
~/ð~qn;qv2Þ
Bn2 cosh~qnkx2
" #
sinheikðx1 coshþx3 sinhvtÞ;
ðA13Þ
where Bn2 ¼ Að2n1Þ2 þ Að2nÞ2 ; ðn ¼ 1;2;3Þ: ðA14ÞReferences
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